We compute the Floer homology of a certain family of homology 3-spheres occuring as the boundary of a compacti cation of complex homotopy planes. The Floer complex turns out to be concentrated in even degrees and 2-periodic. This is proved by using suitable bordisms to Seifert bred spaces.
Introduction
A homology plane is a smooth 2-dimensional variety over I C, such that its associated analytic space is acyclic. A homotopy plane is a homology plane whose associated analytic space is contractible.
Recently homology planes played some role in the computation of Donaldson polynomials by Fintushel and Stern, using a topological cut and paste technique called rational blow-down ( St] ).
The classi cation problem for homology planes is solved in tD-Pe] for homotopy planes of logarithmic Kodaira dimension 1. These homotopy planes are distinguished by their minimal compacti cation divisor. The set of algebraic isomorphism classes of such homotopy planes is parametrised by integers (a; b; m) with a; b relatively prime, 1 < a < b and 0 < m. Let P(a; b; m) be the corresponding homotopy plane. By Ra] a closed regular neighborhood of a compacti cation divisor in a suitable algebraic compacti cation of P(a; b; m) is bounded by a closed smooth oriented 3-manifold S(a; b; m), whose di eomorphism type is uniquely determined by P(a; b; m). Since P(a; b; m) is contractible, the 3-manifold S(a; b; m) is a homology 3-sphere. Our main theorem is: We collect some necessary remarks on Dehn surgery. For us the term \di eomorphism" between oriented smooth manifolds always means orientation preserving di eomorphism unless otherwise stated. Let M be an oriented smooth 3-manifold. Let K be an unoriented knot in M. We also write K for the image of K in M. Let K be a tubular neighborhood of K. Orient @ K as the boundary of K (\outward normal vector rst"). A framing of K is an isotopy class of di eomorphisms f : S 1 S 1 ! @ K. A framed knot (M; K; f) yields a diffeomorphism class of an oriented 3-manifold M(K; f), the surgery on (M; K; f), de ned as the colimit over the diagram
The set Fr(K) of all framings of K is a principal right torsor of 0 Di (S 1 S 1 ). 
The squares marked with ( ) are colimit diagrams. By transitivity of colimit Then S 3 (L) is de ned as a colimit of the diagram
Since Mn L is canonically di eomorphic to ?@ L 1 D 1 , there is a canonical isotopy between @ L 1 and @ L 2 , giving the orientation reversing di eomorphism
which is a standard Heegaard splitting of genus 1 of S 3 . Since K is a meridian of L 2 , and A ?1 2 = ? ?
; one sees that K 0 is the torus knot T(? ; ) = T(? ; ).
Let l be a longitude of K, and l 0 be the induced knot in S 3 (L). We have to compute the linking number lk (K 0 ; l 0 ). Let B be the linking matrix of L, and de ne the 2 1-matrices Proof. Let K be a framed knot in S 3 associated to the vertex in the middle of the graph in lemma 2.3, and let L ? ; L + be framed links in S 3 coresponding to the left and the right part in the picture of the graph in lemma 2.3. Since L ? and L + can be separated by an embedded 2-sphere in S 3 , there is a di eomorphism between S 3 (L ? L + ) and the connected sumS 3 := S 3 (L ? )]S 3 (L + ), which is di eomorphic to S 3 by lemma 3.1. The framed knot K induces a framed knot inS 3 . The separating 2-sphere splits K = K ? ]K + as the connected sum of two unknots, so that K 0 = K 0 ? ]K 0 + .By lemma 3.1 K is the torus knot T( a; b). To calculate the induced surgery weight inS 3 , we choose a meridian m of K and longitudes l; l ? ; l + of K; K ? ; K + respectively, and let l 0 ; m 0 be the induced knots inS 3 . Then m 0 is also a meridian for K 0 . We show that l 0 is a longitude for K 0 , too. We have to calculate lk(K 0 ; l 0 ). But Calculating the rst derivative of T one obtains Q.E.D.
4 Characters in SU (2) We will rst determine the fundamental group of S(a; b; m). For a graph ? denote by ? v the set of vertices and by ? e the set of edges. We proof the claim by induction on the number l of vertices. Without loss we may assume that ? is connected. The claim is trivially true for l = 0 and l = 1. For l = 2 the claim is also true, since X is homotopy equivalent to the 2-torus. Assume l > 2. Since ? is a tree, there is a bud v. Let ? 0 be the tree obtained by removing v. Let S be a Seifert surface for L v . De ne X 1 as XnS and X 2 as the intersection of X with a regular neighborhood of S in S 3 . Then the 1-point compacti cation of X 2 is homeomorphic to the complement of the Hopf link. X 1 is di eomorphic to the link complement of ? 0 . Now the induction hypothesis, together with the theorem of Seifert and van Kampen, completes the induction.
Note that by our choice of orientation of L the homotopy class of a longitude of a component L v is represented by the product over the meridians of all L w , where w is a neighbour of v. The proof of the proposition is completed by another application of the theorem of Seifert and van Kampen.
Q.E.D.
As an immediate consequence we obtain from lemma 2.3 Proof. Let S be a Z Z=2-homology 3-sphere, : 1 S ! SO(3) a representation, then lifts uniquely to SU(2): Let u : S ! B( 1 S) K( 1 S; 1) classify the universal covering of S, then 1 u is bijective, 2 u is surjective, thus by the Whitehead theorem H 1 (u) is also bijective, H 2 (u) is surjective. It follows that H 2 ( 1 S; Z Z=2) ' H 2 (K( 1 S; 1); Z Z=2) = 0. Thus all central Z Z=2-extension of 1 S are split. Since also H 1 ( 1 S; Z Z=2) = 0, such a splitting is unique. Especially all SO(3)-representations admit a unique lift. This is the canonical isomorphisms between (i) and (ii), and (iv) and (v).
We will show the isomorphism between (ii) and (iii). Dint of eigenspaces, the following is true: Given elements a; b; c in SU(2) such that a commutes with b, b commutes with c, and b is non-central. Then a commutes with c. Since admits a SU(2)-lift, the same property holds in im .
Let 2 Rep ( 1 (S(a; b; m); SO(3)). We will identify elements in 1 S(a; b; m) with their images in SO(3). We will look at ; ! and . The following four cases are possible:
Case ; !; 6 = 1. Then is abelian, and by the theorem of Hurewicz Then su(2) viewed as a K-module is trivial. Consequently, the Hochschild-Serre spectral sequence H p (T(a; b; mab 1); H q (K; su(2))) =) H p+q ( 1 (a; b; mab 1); su(2))) collapses, yielding in particular an isomorphism H 1 ( 1 (a; b; mab 1); su(2)) = H 1 (T(a; b; mab 1); su (2)): The same argument shows that H 1 ( 1 S(a; b; m); su(2)) = H 1 (T(a; b; mab 1); su(2)). It follows H 1 ( 1 S(a; b; m); su(2)) = 0: But this is the tangent space of ], see Lu-Ma] . Thus ] is a smooth point of (S(a; b; m); SU (2)).
Q.E.D.
We now compare the character spaces ( (a; b; mab 1); SU (2)). Let T be the standard maximal torus in SU (2) Since is nontrivial it follows that x is noncentral, C is di eomorphic to S 2 , and C \T consists of two di erent points fp 1 ; p 2 g. Q.E.D.
In Fi-St] there is a formula for the Floer grading on the Seifert bre spaces, so in principle the Floer grading on S(a; b; m) can be computed. Given x; y 2 I R; n 2 Z Z such that n 6 = 0, de ne the real number (n; x; y) := ? 2
De ne the integer (x; y) as the weighted sum over the lattice points in the triangle in I R 2 with vertices given by (0; 0); (x; 0); (0;y), according to the following weight: A lattice point (n; m) is counted with the weight whose signum is Sign (nm) and whose absolute value is 0; 1; 2 or 4, according to wether (n; m) is (0; 0), a vertex 6 = (0; 0), lies on an edge but is not a vertex or lies in the interiour of . By Fi-St, Thm. 3.9] the Floer grading for a representation on (a 1 ; : : :; a n ) with rotation vector (l 1 ; : : :; l n ) is given by We will use Floer's triangle to proof inductively a structure theorem on the Floer homology HF (S(a; b; m)).
For each complement nK of a knot K in a homology 3-sphere , Floer has de ned a 4-periodic, a nely Z Z=8-graded abelian group HF (K) = HF ( n K) Q.E.D.
